A key theorem formulated in the context of functional Mellin transforms generalizes the important relationship exp trM = det exp M . Using the involution symmetry of the zeta function, the theorem can be used to confirm the Riemann hypothesis.
Introduction
A functional integral scheme based on topological groups and Banach algebras was proposed in [1] . The scheme can be used to define functional Mellin transforms. Such transforms are useful tools for probing Banach * -algebras. Specifically, they can be used to represent complex powers of linear, bounded operators on some Hilbert space along with their associated functional traces and determinants. And they play a central role in a key theorem that extends the well-known relation exp trM = det exp M to general Banach * -algebras: Importantly, the extension holds for complex powers as well -in which case the right-hand side of the relation becomes proportional to a phase multiplying the complex power of a determinant while the left-hand side is an exponential function of the same complex parameter.
In this note we will first state the key theorem, but the proof along with the necessary concepts, definitions, and notation from [1] will be assumed. In particular, the theorem can be applied to an operator on some vector space whose spectrum is the natural numbers. The trace of an appropriate functional Mellin transform associated with such an operator yields the Riemann zeta function, and the key theorem along with the symmetry of the zeta zeros under involution implies that the zeros must have real part equal to 1/2. This of course is the Riemann hypothesis. The road to its proof is well-known to be treacherous, so the confirmation offered here is submitted with due caution: After all, the presentation is at the level of mathematical physics and not rigorous functional analysis. 
Key theorem
We first state the theorem without proof.
1 Consequently we use the term confirmation instead of proof.
2 Notice that if
Roughly stated, this theorem expresses the conditions under which the functional Mellin transform and exponential map commute. Depending on what is β, there may or may not exist a choice of λ and an associated fundamental region S λ where the equality holds.
Eta and zeta as functional Mellin
Let us quickly review the well-known Mellin representations of Dirichlet eta and Riemann zeta. (The reader can consult their favorite Riemann zeta reference for details.) Consider a self-adjoint A ∈ L(H) with σ(A) = N + . Let {|j , ε j } with j ∈ {1, . . . , ∞} denote the set of orthonormal eigenvectors and associated eigenvalues of A. The Dirichlet eta function associated with A is given by
where ν(g Γη ) := (1 − 2 1−α )ν(g)/Γ(α) with ν(g) the normalized Haar measure. Likewise, for the same operator A ∈ L(H) with A = A * and σ(A) = N + , the Riemann zeta function associated with A can be defined by choosing a different normalization;
where
If instead we choose G C B → C a smooth contour in C\{0}, we get the well-known complex representation
ν(g)/Γ(α) and the contour starts at +∞ just above the real axis, passes around the origin counter-clockwise, and then continues back to +∞ just below the real axis. The regularization π csc(πα)/Γ(α) can be analytically continued to the left-half plane thus obtaining a meromorphic representation of Riemann zeta.
In order to use the theorem, we need an explicit functional Mellin representation of Riemann zeta. To that end, consider the set of one-parameter subgroups Hom C (R, U 1 ) := L(U 1 ). Since U 1 endowed with its usual topology is an abelian topological group, L(U 1 ) is a topological vector space with the uniform convergence topology on compact sets. Endowed with a suitable topology,
* is self-adjoint and positive so that e −β ′ (g) is bounded. Now, to effect the reduction G 
where the trace is taken with respect to a basis comprised of homotopy equivalence classes, and the residue theorem allows deformation of the contour.
Riemann zeros
Theorem 2.1 enables us to sketch a proof of the Riemann conjecture:
Sketch of proof : Use Theorem 2.1 with
where the joint fundamental strip has yet to be determined. It is clear from the theorem that a joint fundamental region which includes the critical strip 0, 1 along with the involution symmetry of the zeta zeros will lead to a relation between two functional determinants. And if the functional determinants can be reduced to a complex power of well-defined determinants, then we are done. From the previous subsection, the left-hand side of (7) is well-defined for α ∈ 0, ∞ \{1} Γ C . So the first order of business is to determine the fundamental strip for the right-hand side.
Since e −β is invertible, the right-hand side can be written
where ϕ β (α) = α(arg β ±2nπ) = ±2nπα with n ∈ N since β = β * , and det(e β ) is well-defined because e −β g is trace class. The normalization is readily calculated;
It follows that the theorem is valid in the common fundamental strip α ∈ 0, ∞ \{1}. And in particular,
is single-valued in the critical strip for any choice of n ∈ N. Therefore, using the involution symmetry of the zeta zeros,
and we conclude that ℜ(α 0 ) = 1/2 since β = β * and there are no non-trivial zero modes for Riemann zeta.
Notice that if we choose the normalization λ = H C instead, i.e. ν(g λ ) =
π csc(πα) 2πı ν(g), then det e β = e ±4nπıℜ(α 0 ) Γ(α *
and the same conclusion obtains. Also note that the fundamental strip can't be analytically extended to the left of the imaginary axis for both sides of (7) simultaneously, i.e. there doesn't seem to be a consistent choice of λ applicable to both Trβ ′ and E −Trβ ′ to the left of the imaginary axis.
